Motivated by the gluon-chain model of flux tube formation, we compute and diagonalize the transfer matrix in lattice SU(2) gauge theory for states containing heavy static quark-antiquark sources, with separations up to one fermi. The elements of the transfer matrix are calculated by variational Monte Carlo methods, in a basis of states obtained by acting on the vacuum state with zero, one, and two-gluon operators in Coulomb gauge. The color Coulomb potential is obtained from the zero gluon to zero gluon element of the transfer matrix, and it is well-known that while this potential is asymptotically linear, it has a slope which is two to three times larger than the standard asymptotic string tension. We show that the addition of one and two gluon states results in a potential which is still linear, but the disagreement with the standard asymptotic string tension is reduced to 38% at the largest lattice coupling we have studied.
I. INTRODUCTION
It is well known that the color Coulomb potential in nonabelian pure gauge theories is asymptotically linear, but that the corresponding string tension σ coul is greater than the standard string tension by anywhere from 100-200%, depending on the lattice coupling and the gauge group [1, 2] . This discrepancy should not be too surprising, since the color Coulomb potential is only an upper bound on the static quark potential [3] , but the more relevant fact is that the Coulombic force arises from (dressed) one-gluon exchange between static sources. A serious criticism of one-gluon exchange models of the confining potential, whether in Coulomb or covariant gauges, is that they provide no explanation whatever for the collimation of color electric fields into flux tubes, and, as a consequence, no obvious reason for the absence of long-range dipole forces. Since long-range dipole forces are incompatible with a massive spectrum, a theory of confinement via dressed one-gluon exchange is in danger of inconsistency, as well as conflicting with the numerical evidence for color-electric flux tubes.
There is, however, a picture of how flux tubes can form in Coulomb gauge, in which strong one-particle exchange forces are an important ingredient. This is the "gluon-chain" model, put forward by Thorn and one of the present authors [4] . The idea is that as a heavy quark and and antiquark separate, they pull out a sequence of constituent gluons between them, as illustrated in Fig. 1 . The constituent gluons are bound together by Coulombic nearest-neighbor interactions, and the ensemble of gluons resembles a discretized string. In the original proposal it was supposed that the Coulombic force at some distance scale rises faster than linearly, and that the role of the constituent gluons is to prevent a corresponding faster-thanlinear rise in the static quark potential, by effectively placing an upper limit on color charge separation. We now know that the Coulomb potential is itself linear at large scales. So the role of constituent gluons must be to somehow reduce the magnitude of the static quark potential, without at the same time destroying the linearity property. That such an effect might take place was shown analytically by Krupinski and Szczepaniak [5] , in the context of a particular proposal for the form of the Coulomb gauge vacuum state. It is desirable, however, to see if constituent gluons can have this conjectured effect without making any assumptions about the form of the vacuum. That goal, at present, can only be achieved numerically, via lattice Monte Carlo simulations.
There has been only one attempt [6] , carried out twenty years ago, to study the constituent gluon content of the QCD flux tube in Coulomb gauge by numerical simulation, and thereby test the gluon chain model. Our intention in the present article is to greatly improve on that earlier effort, and to quantify the reduction in the energy of a static quarkantiquark state which can be achieved with a handful of constituent gluon operators. 
II. THE TRANSFER MATRIX IN A VARIATIONAL BASIS
The Euclidean-time evolution operator in lattice gauge theory, in some physical gauge such as Coulomb gauge, is the transfer matrix
where a is the lattice spacing and H the Hamiltonian. It is useful to consider the rescaled operator
where Ψ 0 , E 0 , are the ground state and vacuum energy, respectively. To compute the static quark potential of a quarkantiquark pair separated by a distance R, one would ideally diagonalize the transfer matrix in the infinite-dimensional subspace of states which contain a single massive quark, and a single massive antiquark, located at sites x and y with R = |x − y|. The minimal energy eigenstate of the transfer matrix, in this subspace, is the state with the largest eigenvalue λ max of T , and the static quark potential, in lattice units, is given by
(from here on we will work in lattice units). If we consider any two states |a and |b which are obtained by acting on the vacuum state with operators Q a and Q b , respectively, then
where the notation Q(t) indicates that the operator is to be evaluated using link variables on a hypersurface of fixed time t. For given operators Q a,b , the rhs of eq. (2.4) can be evaluated by lattice Monte Carlo simulation.
If the quark and antiquark are not too far apart, then according to the gluon-chain picture it should be possible to express the minimal energy state in terms of the vacuum state Ψ 0 , and a handful of operators operators acting on that state. These operators create a massive antiquark at lattice site x, a massive quark at site y, and a small number of constituent gluons. Let us denote the gluonic operators by Q k , deferring their actual construction to the next section, with corresponding states
The {Q k } are functionals of the lattice gauge field, and depend on x, y, and some number of variational parameters. In our construction, described below in section III, we use a single variational parameter, denoted ρ. One can then compute, by lattice Monte Carlo simulation, the quantities
We cannot diagonalize the transfer matrix T in the basis {|k }, because these states are not orthogonal, in general, nor are they normalized. So the next thing to do is to construct a new set of orthogonal states {|k ′ } from the non-orthogonal states by the Gram-Schmidt orthogonalization procedure
we have
The D mn coefficients can be determined iteratively by the following set of relations:
Normalize,
and calculate the M × M matrix
Note that this matrix is derived from the quantities O mn and t mn of eq. (2.6), both of which are calculated by lattice Monte Carlo. The final step is to extract the largest eigenvalue λ max of the finite matrix T i j . Since this is a variational approach, the computation has to be repeated for a variety of values of the variational parameter ρ, at each quark-antiquark separation R. The value of ρ which minimizes − log(λ max ) gives the best variational estimate
for the static quark potential. We will refer to this variational result as the "gluon-chain potential", although in practice the variational state will be a superposition of states containing at most two constituent gluons.
III. SMEARED ONE AND TWO-GLUON OPERATORS
In order to actually carry out the procedure described above, we must specify a set of operators {Q ab k } which, operating on the Coulomb gauge vacuum, generate a set of variational trial states {|k }.
A gluon chain consists of a number of constituent gluons lying between the heavy sources, with the ordering of the gluons in their color-indices correlating with the spatial positions of gluons between the static sources. Suppose, e.g., that the static quark-antiquark sources are located on the x-axis at locations x = 0 and x = R. Constituent gluons which are located well outside this interval in their x-coordinates, or which have large transverse displacements away from the x-axis, will be costly in terms of Coulombic interaction energy (recall that this energy itself increases linearly with color charge separation). On the other hand, highly localized constituent gluons are costly in terms of kinetic energy. As usual, the variational procedure attempts to find an optimal compromise between kinetic energy, which favors spatial delocalization, and interaction energy, which in this case favors small transverse displacement from the line joining the quark sources. Delocalization in the x-direction is achieved by a superposition of gluon operators (in the Q k ) at different locations along the x ∈ [0, R] interval.
1 Delocalization in the transverse directions can be obtained by constructing A-field operators on the lattice, in which the high-frequency components of the A-field, in the transverse directions, are gaussian suppressed.
The delocalized, or "transverse-smoothed", operators A c i (x,t, j) are constructed in the following way: The L 4 lattice is fixed to Coulomb gauge by standard methods (simulated annealing + over-relaxation), and the usual lattice A-field variable, in the SU(2) gauge group, is defined in terms of the link variables via
For each lattice we loop through time-slices t, space components i = 1, 2, 3, color components c = 1, 2, 3, and an additional direction j = 1, 2, 3, which will be associated with the direction of a line through the quark and antiquark. At each i, j, c,t, and denoting x = (n 1 , n 2 , n 3 ), (with indices n i running from 0 to L − 1) define the three-dimensional array
Denote the finite Fourier transform of this array by a(n 1 , n 2 , n 3 ), with indices running over the same range of 0 to L − 1, and define
The wavenumber corresponding to index n i is k i = 2π f n i /L. Transverse-smoothing is achieved by making an exponential suppression of the large wavenumber modes in the directions l, m which are transverse to the direction j, and transforming the result back to position space. The prescription is to modify the Fourier-transformed array elements by the replacement
where ρ is a variational parameter, followed by an inverse Fourier transform back to position space. Then
is the field variable A c i on a time-slice t, with suppression of the large wavenumber components in the l, m-directions transverse to j. From this, we define the transverse-smoothed matrix-valued field variable
In the same way, define
Then, just as with the A c i (x,t), suppress high-wavenumber components in directions transverse to some direction j, as described above. Denote the resulting field as B i (x,t, j). It is also convenient to define for i = j, the average
derived from two links in the i direction which touch the line, in the j direction, running from quark to antiquark.
Having obtained the transverse-smoothed field variables A i (x,t, j), B i (x,t, j), the next step is to define the six operators {Q k } from which we obtain six states
which are used to build the trial gluon-chain state. Let the antiquark and quark charges lie at lattice sites x 0 and x R = x 0 + Re j , respectively, where e j is a unit vector in the j-direction. 2 Then we choose
Q 1 is the zero constituent gluon operator, Q 2 is the one gluon operator (one power of A), and the Q 3−6 are two-gluon operators, containing two powers of the A-field. The corresponding set of states {|k } are not orthogonal, but this is taken care of by the Gram-Schmidt orthogonalization procedure described in the last section. The above choice of operators {Q k } is dictated by simplicity (only one variational parameter), and a certain amount of trial and error. It is certainly possible to invent operators creating more general and sophisticated trial states, at the cost of additional variational parameters.
IV. RESULTS
We have carried out the calculation outlined in section 2, with the operators Q k described in section 3, for SU(2) lattice gauge theory at coupling β = 2.2 on a 12 4 lattice volume, β = 2.3 on a 16 4 lattice volume, and β = 2.4 on a 22 4 lattice volume. The operators Q k introduced in the previous section contain a variational parameter ρ, and we have calculated matrix elements T i j and V chain (R) for each R, at twelve values of ρ ρ n = (n − 1)∆ρ (1 ≤ n ≤ 12) (4.1)
with ∆ρ = 0.025 at β = 2.2, and ∆ρ = 0.02 at β = 2.3, 2.4. The choice of n which minimizes V chain (R) of course depends on both β and the quark separation. For example, the best choice at β = 2.2 and quark separation R = 1 was n = 2. At β = 2.4 and R = 9, the optimal value was n = 8. The results reported below are those obtained at the optimal value of ρ in each case. One matrix element of T which does not depend on the variational parameter is the zero-gluon to zero-gluon matrix 2 Of course, in evaluating the transfer matrix elements T nm by lattice Monte Carlo simulation, we average over all x 0 and j = 1,2,3.
element
The color Coulomb potential reported in refs. [1, 2] is derived from this matrix element, i.e.
For purposes of comparison, we have also computed the usual static quark potential V true (R), which is the minimal possible field energy of a static quark-antiquark system, by the standard method of computing timelike Wilson loops with "fat" spacelike links, and looking for a plateau in the lattice logarithmic time derivative, as described in, e.g., ref. [7] .
A. Potentials
The results for the potential V chain (R) extracted from the variational state, compared to the Coulomb potential V coul (R), and the static quark potential V true (R) computed by standard methods, are shown in Fig. 2 . In this and all subsequent figures, statistical errors are at most as large as the symbol sizes. The first point to note is that inclusion of one and two gluon operators alters the slope, but not the linearity, of the potential. The second point is that the additional one and two-gluon operators in the trial state gives an estimate for the asymptotic string tension which is much closer to the true value. We extract string tensions, in each case, from a fit to
and find that while the Coulomb string tension differs from the true string tension by a factor of 2.3 (at β = 2.4), the string tension of V chain (R) differs by roughly 38%. The lower figure is still a significant discrepancy, but it is also a considerable improvement over the zero-gluon Coulomb result. The one and two-gluon trial-state operators, described in the previous section, are not the only ones that can be imagined, and it may be that some modest improvement in these operators would bring string tension derived from the variational state much closer to the true value.
B. Gluon content
The energy expectation value of the one-gluon state, extracted from the one-gluon to one-gluon element of the transfer matrix, is estimated from the one-gluon to one-gluon element of the transfer matrix
At small quark separation, this energy greatly exceeds the Coulomb potential V coul , so the one constituent gluon content of the minimal energy state is expected to be much smaller than the zero constituent gluon content. However, as R in- creases, this situation changes. In Fig. 3 . we compare the energies of the zero and one-gluon states (|φ 1 and optimal |φ 2 states, respectively), as a function of quark separation R, at β = 2.4. In this case R is given in physical units, using the usual conversion from lattice spacing to fermis with string tension σ = (440 Mev) 2 . We see that the Coulomb energy (energy of the zero gluon state) rises to meet V 1 (R) at roughly one fermi. It is reasonable to expect that the one-gluon content of the minimal energy will rise accordingly. Let
denote the eigenstate of largest eigenvalue λ max of the 6 × 6 transfer matrix T i j ,in the basis {|φ i }. This is the minimal energy variational state. By zero and one-gluon "content" of this state, we mean the squared overlap | φ i |ψ | 2 for i = 1, 2 respectively. Thus a 2 1 gives the fraction of the norm due to the zero-gluon state, a 2 2 the fraction due to the one-gluon state, and 1 − a 2 1 − a 2 2 is the fraction due to the two-gluon states, orthogonal to φ 1,2 . We have plotted these fractions vs. R in physical units, for data at β = 2.2, 2.3, 2.4, with the result is displayed in Fig. 4 . The gluon content vs. R in physical units is almost coupling independent. This scaling is gratifying, and a serves as a check of the whole procedure. It should be noted that the one-gluon content of the minimal energy state rises to equal the zero-gluon content at about one fermi, which is also the distance where the energies of the zero and and one-gluon states are roughly equal.
C. Coulomb energy and finite size effects
As mentioned in the Introduction, a strong objection to effective one-gluon exchange models of confinement is that such models lead inevitably to long-range dipole interactions. We may see a hint of this "dipole problem" in examining the 4 . On all three lattice L 4 lattice volumes, we see that the color Coulomb potential seems to bend away from linear at R ≈ L/2. This departure from linearity is clearly a finite size effect, and is only seen in the vicinity of the largest possible on-axis quark separations. 3 However, it is very interesting to compare the sensitivity of the color Coulomb potential to finite-size effects, with the absence of such effects in the data for V chain (R), which is also shown in Fig. 5 . The different sensitivities of the Coulomb and chain potentials to finite lattice size could well be associated with the dipole problem. In particular, the color Coulomb field associated with the zero-gluon quark-antiquark state |φ 1 is not expected to be collimated in a flux tube. If the color-electric Coulomb dipole field extends throughout the lattice volume for the largest quark separations, then it is reasonable to expect a corresponding sensitivity to the finite lattice volume. A cutoff in lattice volume would cut out a non-negligible part of the long-range field, and hence a portion of the Coulomb energy. By contrast, if the color-electric field of the minimal energy state |ψ is largely collimated in a region whose transverse dimensions are small compared to the lattice size, then even for R ≈ L/2 one would expect much less sensitivity to the finite lattice volume. In fact, in Fig. 5 , we see no finitesize sensitivity whatever in V chain (R), and the chain potential remains linear out to the largest on-axis separations at each lattice volume. This suggests that the chain state has no longrange dipole field, or at least that the long-range field is greatly suppressed relative to the color dipole field of the zero-gluon state. 
V. CONCLUSIONS
The color Coulomb potential is the energy of a zero constituent-gluon state in Coulomb gauge, with two static quark-antiquark charges. The potential of such a state is known to rise linearly, at large quark separations, but its slope is far higher than the known asymptotic string tension. What we have found in this article is that the inclusion of a few gluon constituents, in simple trial states, does not alter the linear rise of energy with quark separation, but does bring that energy very much closer to that of the true static quark potential. According to our data, at one fermi we are only beginning to see the formation of a gluon chain state. At that distance the energies of the zero and one-constituent gluon states are about equal, and the zero and one-gluon states contribute equally to the minimal energy state containing a static quark-antiquark pair.
Many questions remain. First, to what extent is the longrange dipole problem eliminated by inclusion of a few constituent gluons? We have seen an indication that the dipole problem is greatly reduced in the gluon-chain state, as compared to the zero-gluon state, but this needs further confirmation. Secondly, since there is nothing compelling about the choice of operators Q k in section 3, is it possible to construct a different set of operators and corresponding basis states {|φ i }, such that the energy of the gluon-chain state comes significantly closer to the static quark potential? Finally, it would be interesting to investigate chain formation for quark-antiquark sources in higher representations, and in larger gauge groups. For example, for N-ality k = 2 sources, do the quarks pull out a single chain of gluons, or two separate chains, as they move apart? Are the results consistent with, e.g., Casimir scaling, or some other rule? We hope to return to these issues in a later publication.
